® MATRICES




WHAT IS IT?

v’ Matrix algebra 1s a means of making
calculations upon arrays of numbers (or data).

v' Most data sets are matrix-type



WHY USE IT?

v’ Matrix algebra makes mathematical
expression and computation easier.



1.1 Matrices

Consider the following set of equations:

X+y=T, It 1s easy to show that x=3 and y
x-y=5 =4

(

X+y—-27=1,
2X—y—4z7 =2,
—-5X+4y+10z =1,
3X—y—-6z=>5.

How ABOUT SOLVING

.

Matrices can help...



Basic concept of matrix

v' Here, x, y, z are unknowns and their coefficients are all
numbers. Arranging the coefficients in which they occur in the
equation and enclosing them 1n square brackets. We obtain a
rectangular array of the form

1 2 =27
2 1 —4
-5 4 10
L3 —1 6.

v This rectangular array is an example of a matrix. The
horizontal lines are called rows and vertical lines are called
columns. There are 4 rows and 3 columns 1n the matrix.
Therefore 1t 1s a matrix of order 4 x 3. The numbers 1,2, -
2,...etc. in this matrix are called its elements.



Basic concept of matrix

» A matrix 1s not a number. It has got no
numerical value. It 1s just an ordered
collection of numbers arranged in the form of
a rectangular array.

Example: SImply 5 Is a number. But in our notation of matrix [5] is a
matrix of the order 1 x 1 and we cannot have 5=[5]. We cannot have a
relation of equality between a matrix and a number.



DEFINITIONS - MATRIX

A system of m n numbers (real or complex) arranged in the form of a
rectangular array having m rows and n columns is calledan m x n
matrix. (read as m by n matrix) .

An m x n matrix is usually written as

2 3 4
— 1 1 2

type (order) 2 x 4.

Ex- A=[(;L ] is a matrix of the



Matrices

In the matrix numbers a; are called elements.
First subscript indicates the row; second subscript
indicates the column. The matrix consists of mn

elements

Ex- what is the type of the matrix given
1 2 3 4

o —1 1 2 |,

4 8 5 6 ]

2 7 6 7

below: A=

Write the elements all , az4and aglfor this

matrix.



TYPES OF MATRICES

Row Matrix: An m x n matrix 1s called row
matrixif m=1. Ex:tA=[1 2 3 4 5]

Column Matrix: An m x n matrix 1s called row
matrixifn=1. Ex:A=1]1]

OO~ 0WNEF

Square Matrix: A square matrix 1s a matrix that
has the same number of rows and columns 1.e. if
m =n.

EX. A= [10 _21 ] is a square matrix of order 2 x 2.



TYPES OF MATRICES

Zero Matrix: A matrix each of whose elements 1s

zero & 1s called a zero matrix. It is usually
denoted by “O”. It 1s also called “Null Matrix™




TYPES OF MATRICES

Diagonal Matrix: A square matrix with its all non
diagonal elements as zero. 1.e if A = [a;] 1s a diagonal
matrix, then a; = 0 whenever 1 # j. Diagonal
elements are the a; elements of the square matrix A
for which i =.

0 2 0

100]
0 0 3




TYPES OF MATRICES

Diagonal elements are said to constitute the main
diagonal or principal diagonal or simply a
diagonal.

The diagonals which lie on a line perpendicular to the
diagonal are said to constitute secondary diagonal.

1 2
L 4
Here main diagonal consists of 1 & 4 and secondary

diagonal consists of 2 & 3.



TYPES OF MATRICES

Scalar Matrix: It’s a diagonal matrix whose all
elements are equal.

2 0 0

[O 2 O]

0 0 2

Question: (T/F) 1. Every scaler matrix is diagonal matrix. 2. Every diagonal matrix is a scaler matrix.
Unit Matrix: It’s a scalar matrix whose all
diagonal elements are equal to unity. It 1s also
called a Unit Matrix or Identity Matrix. It is
denoted by ..
1 0 0
[O 1 0]

0 0 1



TYPES OF MATRICES

Triangular Matrix: If every element above or
below the diagonal is zero, the matrix is said to
be a triangular matrix.

1 4 3
[O 2 1] Upper Triangular Matrix

0 0 3

[1 0 0] Lower Triangular Matrix



EQUALITY OF MATRICES

Two matrices A & B are said to be equal iff:

A and B are of the same order

All the elements of A are equal as that of
corresponding elements of B

Two matrices A = [a1j] & B = [b1j] of the same
order are said to be equal if a1j = by

1=y e=l7 %

If A & B are equal, then
x=1, y=2, z=3, w=4



EQUALITY OF MATRICES
(PROBLEMS FOR PRACTICE)

x+3 3y+x]1_[0 =71
L1 4a—6]_ ]Flndthevaluesofx,y,z,a.

Qu 1. |f[ 3 0

Qu2. If [Z f 1 SZ] = [g 3] Find the values of x, vy, z, a.



TRACE OF A MATRIX

In a square matrix A, the sum of all the diagonal

elements is called the trace of A. It 1s denoted by
tr A. de trA=)" a;

1 0 O

2 4 olthen
3 2 1

tr A= 1+4+1 =6

A=




OPERATIONS ON MATRICES




ADDITION AND SUBTRACTION

Two matrices may be added (or subtracted)
1ff they are the same order.

Simply add (or subtract) the corresponding
elements. So, A+ B=C



ADDITION AND SUBTRACTION (CONT.)

a;, a, b11 b12 C, Cp
Ay Ay |t b21 b22 =1Cy  Cy
a, a b b C,, C
| A3 32 | [ Ma1 2| | Y3 32 |
Where
a; + b11 =Cy
a, + b12 =Cy

8, +b, =cC,
Ay + by, =C,y,
A3 + Dy =Cyy
83, +b;, = Cyy



ADDITION / SUBTRACTION
(PROBLEMS FOR PRACTICE)

1 —6 15

Q:If A= [2 _83 181]andB= [3 g 17

find A+B, A-B.




SCALAR MULTIPLICATION

To multiply a scalar times a matrix, simply
multiply each element of the matrix by the scalar

quantity
k[aﬂ alz}:[kaﬂ kaiz}
a‘21 a'22 kaZl ka‘22

Ex:IfA [0 5 ] then
IOA_[ —30 18100



PROBLEMS FOR PRACTICE

(13 40 4 1 0
QUIEA=]I 5 4 glandB|1 3 5
(3 -2 -1, 0 1 6,
find 5A+2B.
.. 13 8 11 M -6 15
Qz.IfA_[6 b 8]andB_[3 2 1

find 7A - 5B.

Q3: If A =|:i —2 7] - find matrix X such that

6 3
X+A=0 where O 1s a null matrix.



PROBLEMS FOR PRACTICE

Q4: If A 2[2 3 and B = E 7]
3 4 3
Show that 5(A+B) = 5A + 5B.

ea [l 2 0 4 2 1 0 3
Q5: If A [24_13andB [1 5 3

find a 2 x 4 matrix “X” such that A - 2X = 3B.

Qé: IfX+Y:[7 0] and X — Y = [3 0] Find X&Y.
2 5 0 3



MATRIX MULTIPLICATION
ItA=1la;] 1samxpmatrixand B=[b;]1sap
x N matrix, then AB 1s defined as a m x n

matrix C = AB, where C= [c;] with

p
=2 by =ab +agh, - +aby for1<i<m, 1<j<n.
k=1

1 2]
1 2 3
. A= _ _
Example: [0 1 4], B=| 2 3|andC =AB.
KEvaluate c,,. 1 2]
(1 2 3]
|~ % 3] ¢, =0x(-)+1x2+4x5=22

I_U - i OJ



RULE OF MATRIX MULTIPLICATION

Multiplication or Product of two matrices A & B
1s possible iff the number of columns of A 1s equal
to the number of rows of B.

The rule of the multiplication of the matrices is
row-column wise (— ).

The first row of AB 1s obtained by multiplying the
15t row of A with 1st, 2nd & 34 column of B.

The second row of AB is obtained by multiplying
the 214 row of A with 1st, 2rd & 3rd column of B.

The third row of AB is obtained by multiplying
the 34 row of A with 1st, 2nd & 3rd column of B.



MATRIX MULTIPLICATION

1 2 3] e
Example:AﬂO . 4J, B=) 2 3|, Evaluate C = AB.

¢, =1x(-1)+2x2+3x5=18

12 3|2 s 3, C, =1x2+2x3+3x0=8
1= )}

0 1 4r 570 C,, =0x (1) +1x2+4x5=22

\ y \ Cp =0x2+1x3+4x0=3

F )
1 2 3 L2 18 8

C:AB:[O 1 4] 2 3 :[22 3] ‘

5 0

4




PROBLEMS FOR PRACTICE

Ql:If A = [2 3 2] and B =
4 1

1 9
3 0 1] . Find AB.

6 9

1 1 -1 -1 ) -1

QZ: IfA: 2 3 4 andB= 6 12 6

5 10 5
3 -2 3 ~ y

Show that AB 1s a null matrix & BA 1s not a null
matrix.




PROBLEMS FOR PRACTICE

Q8:IfA=[1 2],B=[3 1 C:[1 1
s 4 4 5 2 2.

Show that A(BC) = (AB)C




PROBLEMS FOR PRACTICE

Q5: Find “x” such that :
1 3 2)(1
1 x 1] 2 5 11[2[=O

(15 3 2J|x




PROBLEMS FOR PRACTICE




PROBLEMS FOR PRACTICE

Q6: If A =

Q7:If A=

3

Find A2+ 7A + 31

Prove that A%2=4A + 5]



PROPERTIES OF MATRICES

Matrices A, B and C are square matrix of
same order,

A+B=B+A (commutative law)
A+ (B+C)=(A+B)+C (associative law)

AMA+B)= AA+ AB, where A 1s a scalar
(distributive law)



PROPERTIES OF MATRICES

Matrices A, B and C are square matrix,
AB+C)=AB+AC

(A+B)C=AC+BC

A(BC) = (AB) C

., AB = BA1n general
% AB =0 NOT necessarily imply A=0orB=0

é AB = AC NOT necessarily imply B=C



TRANSPOSE OF A MATRIX

The matrix obtained by interchanging the
rows and columns of a matrix A 1s called the
transpose of A (written as ATor A ).

1 2 3—|

45 6 g

The transpose of A1s A" =

Example: A= {

w N B
o O1 N

For a matrix A = [a;], its transpose AT = [b;],
where b;; = a;;.



PRACTICE PROBLEMS

Q1:IfA=[2 3] B=[3 1]

Find A’ + B, (A+B), A'B’
Q2: Verify that (AB) = B'A’ if

HA=[1 0 21 B=
-1 2 -3




SYMMETRIC & SKEW SYMMETRIC
MATRICES

A matrix A such that A" = Ais called symmetric,

1.e., a; = q; for all I and J.

v A+ AT must be symmetric. Why?

1 23
Ex- A = [2 5 6] is symmetric.
3 69

A matrix A such that AT =-A 1s called skew-

symmetric, 1.e., &; = -a;; for all I and .

« A - A" must be skew-symmetric. Why?

v The principal diagonal elements of skew- symmetric matrix are zero.



PRACTICE PROBLEMS

1 2 3

Q1: Express |4 5 as a sum of symmetric &

6
7 8 9
skew symmetric matrix.

Q2: If A = [2 3|, then prove that

o

4 5
1) A+A’ is a symmetric matrix

11) A - A’ 1s a skew symmetric matrix

111) AA' & A’A are symmetric matrices

Q3: Express [6 1]

3 4 as a sum of symmetric & skew

symmetric matrix.



Ildempotent Matrix;

A square matrix A is said to be idempotent matrix if A=A

2 -2 -4
Ex: A = [_1 3 4] IS an idempotent matrix.
1 -2 3

Involutory Matrix:

A square matrix A is said to be involutory matrix if A>=1 where | is an identity matrix.

Ex: A = l(l) _01]i5 an involutory matrix.

Nilpotent Matrix:

A square matrix A is said to be nilpotent matrix of index m if it satisfy the relation
A"=0 andA™ 1 = 0
where m is positive integer and O is null matrix.

0 1 0 1 0
Ex: A = [ ] andB=|[0 0 1| are nilpotent matrices.
0 0 0 0 0



1.5 Determinants

Determinant of order 2

Considera 2 x 2 matrix:

Determinant of A, denoted
and can be eval

| 417

uated

dy 9y
a21 a'22

Oy

- 9,8,

A:[aﬂ a, |

La21 a22 _

| Al is a number

o a12 a21



1.5 Determinants

Determinant of order 2

easy to remember (for order 2 only)..
Az e
| 1

Example: Evaluate the determinant:‘
1 2

—1x4-2x3=-2
.

— +
- 311a22 _a12a21

+

1 2
3 4




PRACTICE PROBLEMS

Q1: Find the determinant of :

(i) 6 8
7 -2

(ii)




1.5 Determinants of order 3

(1 2 3
Consider an example: A=14 5 6

7 8 9
Its determinant can be obtained by:

l

A=

SN N
© U1 N
© o W

=3

1 2 1 2
~l7 8 |7 8

+9
o, .

—3(-3)-6(-6)+9(-3)=0

You are encouraged to find the determinant ‘
by using other rows or columns




PRACTICE PROBLEMS

Find the value of

3 -5 4
Dz 6 1
1 2 3

i)

1 4 —4



1.5 Determinants

The following properties are true for
determinants of any order.

1. If every element of a row (column) is zero,
e.qg., (l) (2)‘:1><O—2><O:O, then |A| = 0.

determinant of a matrix
2. | ATl — | Al = that of its transpose

3. |AB| = |A||B]
4. |KA|=K"|A]



Singular Matrix

A square matrix A i1s said to be singular if its
determinant i1s zero. i.e. |[A|=0

> It 1s said to be non- singular matrix if |A| # 0.

Example: A = [150 2] , Here [A[=0

So, Matrix A is singular.

Theorem: Show that every skew symmetric matrix of an odd order is
singular.




Proof: Let A be a skew symmetric matrix of an odd order n where n
is odd then "=-A

A= |-A]

A'l=(-1)"|A] { |[kA|=k"[A]}
Al=-|A] {|A]=]Al}
2|Al=0

|A]=0

Hence, A is singular.

Question: If A is square matrix of order 4 such that |A| = 3 then find the

value of |2A|.






Minor

The minor of an element a;; of a determinant of order n X n is the

determinant of order (n-1) x (n-1) obtained by leaving i row and j"
column. It is denoted M;;.

aj; Q12 Qi3
Example: A =1a;; a;;, ay3

aszq a3, dz3
aip; Qg3

M, = The minor of a =‘ ‘=a Az — A2o0
21 217 |a,,  das 120a33 32013

Similarly, also find M,5, M.

Cofactors )
The cofactor of an element a;; of a determinant is equal to (-1)" times

of its minor. The cofactor a;; Is denoted A;;.



i.e. Al] - (_1)l+]MU

3 7 8
Example: A = ‘—2 5 0
1 4 2

A3, = The cofactor of 4 = (—1)3*2M,, = (—1)3%2 ‘_32 g‘ = —16

Find A3 and 4,,.

Note: 1. The sum of products of elements of a row ( or column) with their co-
factors is equal to the value of the determinant.

A= ailAil + aizAiz + .-+ ainAin (l = 1,2, ...,Tl)

Or
A= a1jA1j + Clszzj + .-+ anjAnj (] = 1,2, ...,Tl)

2. In a determinant ,the sum of products of elements of a row (or column) with the co-
factors of any other row (column) is zero.



2 —3 5
Example: A= ‘3 7 0 |
4 1 8

Calculate

A= a1,413 + az,A4,3 + azAzz =7

A= ay14,1 + a4, + a34,3 =7

Adjoint of a square matrix
Let A be n x n matrix. The transpose B of the matrix B = [A4; il nan

Where A;; denotes the co-factors of the element a;; in the determinant
of the matrix A and is denoted by the symbol Adj A.

l.e.



Then Adj A= The transpose of the matrix

1 1 3
Example: If A = [0 1 - 1] then find Adj A
2 0 4
4 -2 =2
Find firstly cofactors and generate B = [—4 -2 2 ]
—4 1 1
4 -4 -4
ThenAde=B’=[—2 -2 1 ]
-2 =2 1

Question: If A = L‘f Z] then find Adj A.



Theorem: If A = [a;;]be square matrix of order n then
A.Adj A=Adj A.A =|A|l,

Question: If A = [g lc’l] then find Adj(Adj A).

1 0 —1
Question: Find Adj A where A = [ 3 4 5 ] and verify
0O —6 7

A.Adj A = Adj A. A = |A|l;

Inverse of a Matrix

Let A be a non-singular square matrix of order n. If there exist a square matrix of
order n such that A.B=B.A=1I

Where | is identity matrix of order n.

Then B is called as the inverse of A. The inverse of a matrix A is denoted by A™.



Since, we know that A.Adj A = Adj A.A = |A|L,

then A'[lljle =1 if |A]#0
Hence, AT =TS Al o
_[a b -1__1 [d —b
Example 1. If A = [C d] then A" = ad-bc [—c a ]

. -2 11 _[-1 771, .

Question 1. If A.[ 3 5] = [_1 20] Find the matrix A.
0 1 2

Question 2. Find the inverse of thematrix A =|1 2 3
3 1 1




Elementary Transformation (Operations)

An elementary transformation is an operation of any one of the
following types:

Type-1: The interchange of i™ and j™ rows ( or columns) of the matrix.

This operation is denoted by R; < R; or C; & C; or by R;;(C;j).

3 1 9
Let A = [7 5 4] by interchanging first and third rows of A, the
9 0 8
9 0 8
matrix is obtained [7 5 4] . This operation is denoted by R; & R5
3 1 9

Type-11: The i"™ row (or column) of the matrix is multiplied by scalar
k + 0 then this row ( or column) operation is denoted by R; — kR; or
Ci — kCl .



Multiplying the second row of the above matrix A by 2 then the matrix

3 1 9
IS obtained [14 10 8] . This row operation is denoted by R, — 2R,.
9 0 8

Type-111: The k # 0 times of the elements of the i row (or column)
and added to the corresponding elements of the j" row (or column). Then
this row ( or column) operation is denoted by R; — R; + kR; or

In above matrix, adding three times the elements of the first row to
the corresponding elements of third row in above matrix A. The matrix A

3 19
IS obtained [ 7 5 4 ] . This row operation is denoted by
18 3 35

R; — R3 + 3R;.



Equivalent Matrix

Two matrices A and B of same order are said to be equivalent if one is
obtained from other by elementary operation. In this case we write A~ B.

3 1 9 9 0 8
Ex:A=[7 5 4],B=[7 5 4]thenA~B.
9 0 8 3 1 9

Elementary Matrix

A matrix obtained from a unit matrix by a single elementary operation
Is called elementary matrix.

1 00 1 0 0
EX: A= [0 1 0] applying R, — 4R, then matrix [o 4 o] IS
0 0 1 0 0 1

an elementary matrix.



Inverse of a matrix from elementary
operations (Gauss- Jordan Method)

Let A be non-singular matrix. We know that A=1. A

Applying a sequence of row transformation in such a way A is changed to |
and I is changed to B .

i.e. |=B.A
Multiply by A" both sides
AT = BAA™
At =BI
A'=B

B is the inverse of A.



Example 1: Find the inverse of the matrix by using row elementary

1 2 3
transformation method A = [2 4 5]

3 5 6
Solution: Since A=1.A

N e

Applying R, - R, — 2R, R; - R3; — 3R,

1 2 3 1 00
I R
0 -1 -3 -3 0 1

Applying R, < R4

1 2 3 1 0 0
[O -1 - 3] = [—3 0 1] A
1



Applying Ry - R; + 3R;, R, = R, — 3R;

o gia)-ls, 5l

Applying Ry - R; + 2R,

o 510l

Applying R, - (—1)R;, R; = (—1)R;3

1 0 0 1 -3 2

[O 1 O]=[—3 3 —1]A

0 0 1 2 —1 O
|=BA

1 -3 2
A‘1=[—3 3 —1]=B
2 -1 0



Example 2: Find the inverse of the matrix by using row elementary

0O 1 2
transformation method 4 = [1 2 3]
3 1 1

Solution: Since =1.A
Applying Ry < R,

1 2 3 0 1 O
[O 1 2] = [1 0 O] A
3 1 1 0O 0 1

Applying R; - R3; — 3R,

1 2 3 0 1 O
[ 0 1 2 ]=[1 0 O]A
0 -5 — 38 0 —3 1



Applying R; - R; + 5R,

1 2 3 0 1 O
[O 1 2]=[1 0 OIA
0O 0 2 5 —-3 1

Applying Ry - R; — 2R,

1 0 -1 -2 1 0
[O 1 2]=[1 0 OIA
0O 0 2 5 -3 1

Applying R; — ~Rj

10 -1 "12 3 8'
[00 0 %‘z R
| 2 2 2.
Applying R, - R, — 2R5
Lo 1 [2 1 0
[0 1 0]= 3 LA
0 0 1 S T3 3




Applying R; = R; + R;

1 1 17
1 0 0 2 2 2
[0 1 0]= —4 3 —-1]A
0O 0 1 > _3 1
2 2 2
|=BA
1 1 17
2 2 2
Al=|-4 3 —1|=B
5 3
2 2 2

Question: Find inverse of matrix by row elementary transform method

1 3 3 -1 1
(i)[1 4 3] (u)[ ]
1 3 4



® RANK OF A MATRIX




Sub matrix of a Matrix

Suppose A Is any matrix of type m x n, then a matrix obtained by
leaving some rows and columns from A is called a submatrix of A.

1 2 3 4
Example: A= [5 6 7 8]
3 5 2 9344
1 2 3 3 4
Then submatrix of A are [5 6 7] ,[7 8] ..... etc.
3 5 2333 L2 9134

Note: The matrix A itself is a submatrix of A because it is obtained
from a by leaving no rows and no columns.



Minor of a Matrix

Let A be an m x n matrix then the determinant of every square sub-
matrix of A is called a minor of the matrix A.

3 5 7 8
Example: A =
Xampie 2 2 5 3Lx4
3 51 |5 7 7 8 :
Then ‘2 o 1o sl ‘5 3| etc. are minors of order 2 of A.

Note: If A 1sm x n matrix then

A has minors of order < minimum of ( m, n).

e |n previous example,
The highest order of the minor of a matrix A is 2.



Rank of a Matrix

Let A be m x n matrix then a natural number (including 0) r is said
to be rank of a matrix A if it satisfies the following two properties:
(i)  There is at least one square sub-matrix of A of order r whose
determinant is not equal to zero.
(1.e. There is at least one minor of A of order r which is non-
vanishing.)
(i)  If the matrix A contains any square submatrix of order r + 1,
then the determinant of every square submatrix of A of order
r + 1 should be zero. (i.e. Every minor of A of order r + 1 and

higher order vanishes. )



We shall denote the rank of a matrix A by the symbol p(A4).
I.e. p(4) =The rank of a matrix is the order of any highest order

non- vanishing minor of the matrix.

Note: 1. If Ais m x n matrix. Then rank of A < minimum of (m, n).
2. If Alis n X n non-singular matrix i.e. |A| # 0

then p(4) =n.

1 0 O

Ex-LetA = [ 01 0 ] we know that |A| =1
0 0 1

Then p(A) =3

3. Zero (0) is the only rank of zero matrix

l.e. IT A is zero matrix then p(4) = 0



0 0 O
Ex- LetA = [o 0 0 ] then p(A4) = 0.
0 0 O

: 2 1 3
Example 1. Find the rank of A = [1 0 2 LXS
Solution: Since, A is of order 2 x 3.

Then rank of A < min ( 2, 3)

rank A < 2

Consider, minor of order 2
2 1) _
X 0‘ =120

Hence, p(4) = 2.



2 -1 1
Example 2. Find the rank of A = [ 1 0 2 ]
3 -1 3

Solution: Since, A is of order 3 x 3.
Then rank of A < min ( 3, 3)
rank A < 3

Consider, minor of order 3

2 -1 1
IA|=‘1 0 2‘
3 —1 3

=200+2)— (-1)3—-6)+1(-140)=4-3-1=0
So, p(A) # 3 (Since, all 3 order minor vanishes)

Again, consider minor of order 2

ﬁ _01‘ =1%0. Hence, p(4) = 2.



Question : Find the rank of matrix

2 1 -1
o ¢ 3 7 (ii)lo 3 _z]

1 3 2 1 2 3
(iii) [1 2 3 ] (iv) [2 3 4]
1 5 3 4

413x3 513x3
1 2 3 1
Example: Find the rank of matrix A = [2 4 6 2]
1 2 3 21344

Solution: Since, A is of order 3 x 4.
Then rank of A < min ( 3, 4)
rank A < 3




Now, the minors of order 3 are the following

1 2 3 1 2 1 1 3
‘2 4 6|, ‘2 4 2!, ‘2 6
1 2 3 1 2 2 1 3

Clearly, all minors of order 3 are zero.

Again, consider minor of order 2
6 2| _
; J—6¢Q

Hence, p(A4) = 2.



Question : Find the rank of matrix

2
(i) [ 1]
1 3 4 5

1 2 3
(iii) [1 4 2 ]
2 6 5

1 2 0
(if) [3 7 1 ]
5 9 3

1 1 1
(iv) [1 2 3]
1 4 9

3X4 3X3

3X3 3X3

2 1 -1
Example: If the rank of [1 4 2 ] Is 2, find the value of k.
3 5  kisxs



Solution: Let A= [1 4 2

2 1 —1]

3 5 ks
Since, rank A =2 then [A| =0
2 1 -1
A
3 5 k
24k —10) —1(k—6)—1(5—-12) =0
7k =7

k=1



Methods to find the rank of a Matrix

There are three methods to find the rank of matrix:

1. Minor Method ( Definition of rank )

2. Echelon Method ( Applying only row operations )

3. Normal Method or Canonical form ( Applying rows as well as
columns operation )



Echelon form of a Matrix

A matrix A is called in Echelon form if

(1) Every row of A which has all its entries 0 occurs below
every row which has a non- zero entry.

(if)  The first non-zero entry in each non-zero row is equal to 1.

(iif) ~ The number of zeros before the first non-zero element in a
row is less than the number of such zeros in the next row.

In other words

a;1 =1 Ao a3
A = a21 e 0 a22 e 1 a23
az; =0 az, =0 |asz =11, 4




Example: A=

0
01 S| =» p(4) =3
0 0lyxs

0 2
1 5
0 O
0 O

Coor

Important Result: The rank of the matrix in Echelon form is equal
to the number of non-zero rows of the matrix.

Example: Find the rank of matrix

0 1 2 3
A=[O 0 1 8]
0O 0 0 O

3X4

Solution: The matrix A is in Echelon form

So, rank A = the number of non-zeros rows of A
rank A =2



Example 1: Determine the rank of the matrix by Echelon form

1 2 3
A=[1 4 2]
2 6 5

3X3
1 2 3
Solution: The given matrix is A = [1 4 2 ]
2 6 51;3,3

Applying row operations
R, > R, — Ry, R; » R; — 2R,
1 2 3
A~ [0 2 - 1]
0 2 -1
R3_)R3_R2, Rl_)Rl_RZ
1 0 4
A~ [O 2 - 1]
0 0 O

3X3

3X3



R i
2"2
1 0 4
1
A~ 10 1 — —
2
0 0 0 l343

This is required Echelon form and it has two non-zeros rows

Hence, rank A =2 .

Example 2: Find the rank of the matrix by Echelon form

1 2 -1 4
A=12 4 3 5
-1 =2 6 734



Solution: Given, A = [

2 4 3 5

1 2 -1 4]
-1 -2 6 7

3X4
Applying row operations

RZ_)RZ_Zer R3_)R3+R1

1 2 -1 4
~[0 0 5 —3]

0 0 5 11134
R
R =
2 ™ c
1 2 -1 4
0o 0 1 .
5
0 0 5 111554




1 2 -1
0o 0 1
0 0 0
R
R, 1—2
1 2 -1
0o 0 1
0 0 0

4

3
5
1]

43X4

3X4

This is required Echelon form and it has three non-zeros rows

Hence,

rank A =3.



Question: Find the rank of a matrix by Echelon form

1 3 4 3 3 -1 2
(i) [3 9 12 9] (ii) l—6 2 4 ]
1 3 -3 1 2

4 1l3x4 3%3
5 3 14 4 13 -1 9
(iii)lo 1 2 1] ivy|-* 2 0 0
A 3 1 2 1

3%4 1 1 1 6l




Normal or Canonical form of Matrix

By a finite number of elementary transformation every non-zero
matrix of order m x n can be reduced of the following forms:

0[5t i 5]

(i) [I-] 0] (iv) (L]

Where I, is identity matrix of order r. Each one of those four forms is
called as Normal form or Canonical form of matrix.

The number r so obtained is called the rank A i.e. p(A) =r

In order to reduce a matrix into its normal form both row and column
transformation may be used.



Example 1: If a matrix A can be reduced normal form [15’ g] by

using elementary transformation then find p(A).

Solution: Since, A~ [105 g] where I5 is identity matrix of order 5.

Hence, p(A) =

0
Example 2: Let A = (1) then show that
0

“4X4
) pA)=3
(i) p(4?) =2
(i) p(4°) =1

(iv) p(A*") =0



Solution: (i) A =

Hence,

A~

IOoO P—I\
o

1 0 0 T
0 1 0
0O O 1
0 0 0d4xa
Apply C; < C,
1 O 0 0
10 O 1 0
A O 0 O 1
0 0O O 0

“4X4

“4X4



(ii) A% =

“4X4

1
0
0

OOOQ&;OOO'

0

0. 4X4

Applying C; < C, and again applying C, < C,

A%~

A% ~

Hence,

1

0
0

.0

I
0 0

p(A%) = 2.

0

1
0
0

o]

0 0 ]

0 0
0 0
0 0.

4X4

“4X4



Example 3. Reduce the following matrix to its normal form and find its

rank

Solution:

2 2

~3X3

A=

N N NN DN

2 2
L2 2
2 2
2 2
-2 2 13x3

R, >R, —R,, R; > R; —R,

2 2 2
~[0 0 0]
0 0 015
C, > Cy—Cy, C3— Cq—Cy
2 0 0
~[0 0 0]
0 0 0

3X3



L 0
0 0

Hence, p(4) =1.

A

Example 4. Reduce the following matrix to its normal form and find its

1 2 3
rank [2 3 4]
3 5 7d3x3
1 2 3
Solution: A= [2 3 4]



CZ_)CZ_Cli C3_)C3_CZ

1 1 1
~[2 1 1]

3 2 215,

R, >R, —R;, Ry » R; — R,

1 1 1

~[1 0 o]

1 1 115
R; > R; — R,
1 1 1

~[1 0 o]

0 0 015y
C; — C3 — C,
1 1 0

~[1 0 0]

0 0 013y
C, - C, —C,
0 1 0

~[1 0 o]
0 0 013y



I, 0
0 0

Hence, p(A) = 2.

Example 5. Reduce the following matrix to its normal form and find its

A~

0 1 —3 —1
1 0 1 1
rank 3 1 0 5
L1 1 —2 0 d4s
0 1 —3 —1;
R 11 0 1 1
Solution: Given A = 3 1 0 )
L1 1 —2 0 dgxs



‘0 1 -3 —1-
11 o o o
3 1 -3 -1
1 1 -3 -1
R; > R;—R;, R, > R, — R,
0 1 -3 —1
11 0o o o
3 0 0 0
L1 0 0 0
Cs = C3+3Cy, Co— Cy+C,
0 1 0 07
11 0o o o
3 0 0 0
L1 0 0 0
R; > R; —3R,, R, > R, —R,
0 1 0 07
1 0o o o
0 0 0 0
L0 0 0 O

C1 & (;

“4X4

“4X4

“4X4

4X4



C o O

“4X4

Hence, p(4) =



Question: Reduce the following matrix into normal form and find its
rank

1 2 3 2 1 2 3
(i) !2 3 5 1 (i) [2 3 4]
1 2 3 4 2 3
(i) [1 4 2 (iv)| 8 4 6
2 6 5lis -2 -1 -3
2 3 —1 —17
1 -1 —2 —4
Wi 7 3 3
—6 3 O _7—4x4




@ Solution of Linear Equation




System of Linear Equations

Consider the system of m linear equations in n unknowns x, x,, ..., X,

A11X1 + QX + -+ aypXy = by
alel + azzxz + -+ aann = bz

s (D)

Where a;;(i = 1,2,..,m,j =1,2,..,n) and b;(i = 1,2, ..., m) are
constants.

This system of equations is known as a system of linear equations.

The above system of equations (1) can be written in matrix form:



a1 Az Qi X1 by
arq A9 v .ue az—n X2 bZ
a A oee o a
ml m2 \ mnm/Xn;xn-};bm'mxl
Or A.X=B

Where A is called the coefficient Matrix of system of equation (1)

And X is the column matrix of unknowns variables.

And B 1s the column matrix of constants.

The matrix of coefficient [a;;],nxn adjoined by the column

called Augmented matrix and will be denoted by [A : B].

“mx1

IS



aij; QA2 ... Q1 b,
(1 Ay ....ln | by
i.e. [A: B] =
_am1 am2 EERC amn : bm_an_l_l

There are mainly two types of system of linear equations.

(1) Non- Homogeneous system of linear equations:

If B+ 0O ie. atleastoneb; # 0 (i =1,2,..m)
e AX = B(# 0)

(i) Homogeneous system of linear equations:
If B=0 (Zero Matrix) i.e. by =b, =:-=b,, =0
l.e. AX =0




Solution of the system of Linear equations:

A set of values of x4, x,, ..., x,, Which satisfy each of above
linear equations (1) is called as a solution of the system of linear
equations.

_ x+y=4
Example: x—y = 2} e e (P)

Solve,wegetx =3,y = 1.

Here x = 3,y = 1 is solution of system (P).



Consistent and Inconsistent System

Consistent: A system of linear equations is called as consistent if
there exists at least one solution of the system.

I.e. If the system of equation having one or more solution is called a
consistent system of equation.

(i) Unigue Solution: If the system has only one solution , then we say
that the system has unique solution.

x+y=>5

Example: x—y=1

}.....(2)

Solve, thenwe get x = 3,y = 2.

The system (2) has unigue solution.



(i) Infinite Many solution: If the system has more than one
solution then we say that the system has infinite many
solution.

Example: 2x+5y =3 }

4x + 10y = 6
Solve we get ( 1, 1/5), (2, -1/5),.........
Hence, The system (3) have infinite many solution.

» Both the system (2) and (3) is consistent.

Inconsistent: If the system of equation having no solution is
called an inconsistent system of equations.

Example: 2x+ 5y =3 }

4x + 10y = 2

In the system (4) has no solution. Hence, the system (4) is
Inconsistent.



Solution of Non-Homogeneous Linear equations
A X = B on the basis of rank

(a) Consistency of System:

If p([4:B]) = p(A4)
then the system is consistent.

(1) Unigque Solution:
If p([A:B]) = p(4A) = n (No. of unknown variables)
then the system has unique solution.

(i)  Infinite many solution:
If p([A: B]) = p(4) < n (No. of unknown variables)

then the system has infinite many solution.



(b) Inconsistent of system:

If p([A:B]) # p(A)

then the system is an inconsistent and has no solution.

s All the above cases for the system of non-homogeneous linear
equations can be collected below in the form of diagram.

p([A:B])

# p(4)

Inconsistent ( No Solution )

p(A)

= No. of Unknowns

Consistent

(Unique Solution)

< No. of Unknowns

Consistent

(Infinite no. of Solutions)




xX+y=2
Example 1: Show that the system of equation 4x + 3y = 7} IS inconsistent.

x—2y=1
_ 11
Solution: Consider the coefficient matrix A = [4 3] and
1 -2
1 112
augmented matrix [A: B] = [4 3 ! 7]
1-211
1 1 2
Determinant of augmented matrix = | 4 3 7 | =—-2+%0
1 -2 1

Hence, p([4:B]) =3
Since, A is matrix of order 3 x 2.
So, p(4) < min(3,2)
Hence, p(4) < 2
Hence, rank of coefficient matrix cannot be 3.
Therefore, p([A:B]) # p(A)

Given, system of equation is inconsistent. It has no solution.



X—y+2z=2
Example 2: Test for the consistency of 2x +y + 4z = 7} :

dx—y+z=4
_ 1 -1 2
Solution: Consider the coefficient matrix A = lz 1 4 |and
4 —1 1
1 -1 22
augmented matrix [A: B] = [2 1 4 :7]
4 —1 1 4

Applylng Rz - R2 - 2R1, R3 - R3 - 4R1



1 -1 2 1 2
~ [O 1 0 | 1]
0 0 1 1
Hence, p([A: B]) = p(A) = 3 = No. of unknowns
Then the system of equation is consistent and has unique solution.

x+2y+3z=4

Example 3: Show that the system of equation 2x + 3y + 8z = 7} IS consistent
x—y+9z=1

and have infinite solutions.

1 2 3
Solution: Consider the coefficient matrix A = [2 3 8] and

1-1 9
1 2 3.4
augmented matrix [A: B] = [2 3 8. 7]
1-1 9:1

Applying R, - R, —2R;,R; - R; — R,

1 2 3 . 4
~[0 -1 2 —1]
0 -3 6. —3



l
o

O =
—_ DN
lw
NS
NN
e——

-3 6 3
R3—)R3+3R2

1 2 3 | 4

"’[0 1 -2 | 1]

00 0 |0

The last matrix is in Echelon form in which no. of non-zeros row is 2, both for
the matrix A and Augmented matrix [A:B]

Hence, p([A: B]) = p(A) = 2 < No. of unknowns

Then the system of equation is consistent and has infinite solutions.

Example 4: Find the value of k of which the following system of equations

2x+y+3z=1
will be consistent X—y+2z= —3}.
dx —y+7z=k

2 1 3
Solution: Consider the coefficient matrix A = [1 —1 2] and
4 —1 7



2 1
augmented matrix [A: B] = [1 -1

3
2
4 -1 7
Applying R, - 2R, — R{,R; —
3
1

l
[r—1
o N
I
W =
=W
| =
N
e—

0 0 0 (k+5
If kK + 5 = 0: all the element of the lastrow becomes zeros and
Hence, p([A: B]) = p(A) = 2 < No. of unknowns

Therefore, if k = —5, then the system is consistent and has infinte no. of solutions.

» In above example if k = —5 then p([4: B]) = 3, p(4) = 2

p([A:B]) # p(A)
System of equation is inconsistent i.e. it has no solution in this case.



Example 5: Solve the equation with the help of matrices

xX+2y+3z=4

x+y+z=3}
xX+4y+9z=6

Solution: The given system of equation can be written in matrix form

2 k-l

Or AX=B
1 1 1 | 3
The augmented matrix [A: B] = [1 2 3 14 ]
1 4 9 ' 6



0 2 10
1
Ry > Ry — Ry, R3 — §R3
1 0 -1 E 2
~ [O 1 2 ! 1]
O 0 1 0

1 OOEZ
~[O 1 0:1]
0 0 1 .0

The last matrix is in reduced Echelon form in which no. of non-zeros row is 3,
both for the matrix A and Augmented matrix [A:B]

Hence, p([A: B]) = p(A) = 3 = No. of unknowns
Then the system of equation is consistent and has unique solution.

The system is reduced form is given by



s 5 olb)-f

o)l

Hence, x = 2,y = 1,z = 0 is required unique solution.

Question 1: Solve the equation with the help of matrices

x+y+z=6
xX—y+z=2;¢.
2x+y—z=1



Example 6: Solve the equation with the help of matrices

x+2y+3z=14

xX+y+z=6 }
x+4y+7z =30

Solution: The given system of equation can be written in matrix form

R

Or AX=B

1 1 1

.6
The augmented matrix [A: B] = [1 2 3 14]
1 4 7 30
Applying R; » R, —Ry,R3 & Rz — Ry
1 1.1 .6
~ [0 1 2 8]
0 3 6 |



2
O 0 O
R, > Ry — R,
1 0 —1i -2
~[O 1 2! 8]
0O O 0. 0

The last matrix is in Echelon form in which no. of non-zeros row is 2, both for
the matrix A and Augmented matrix [A:B]

Hence, p([A: B]) = p(A) = 2 < No. of unknowns

Then the system of equation is consistent and have infinite no. of solutions.

The system is reduced form is given by

1 0 —171X —2
s 5]
0O 0 011z 0

X — Z 1 -2
0 0




xX—z=2y+2z=28
Then x =z—-2andy =8 — 2z
Taking z = k
Then x =k — 2,y = 8 — 2k, z = k is general solution of given equation.

Question 2: Solve the equation with the help of matrices

3x—y+2z=-6

X—y+2z=2 }
3x+y+z=-18

Example 7: Find the value of « and g for which have

2x—y+3z=4

x+y+22=3}
Sx—y+az=p

(i) An Unique Solution  (ii) Infinite many solutions (iii) No solution



Solution: The given system of equation can be written in matrix form

BEHEEE

Or AX=B
1 1 2, 3
The augmented matrix [A:B] =2 -1 3} 4]
5 -1 a p
Applying R, = R, — 2R{,R; - R; — 5R;
1 1 2 . 3
~1 0 =3 -1 —2]
0 —6 a—10 | p—15
R; = R; — 2R,
1 1 2 3
~[0 -3 -1, —2]
0 0 a—8 f—-11



2
~1 0o 1 I
3 !

wiN

0 0 a—8 'B—11
The last matrix is in Echelon form.
Ifa =8, B+ 11then p([A:B]) = 3 and p(4) = 2
So, p([A: B]) # p(A)

Hence, system is inconsistent and it has no solution.

Case (1):

Case (I): Ifa =8, g =11then p([A: B]) = p(A) = 2 < Number of unknowns

Hence, system is consistent and it have infinie number of solution.

Case (11): If ¢ + 8 whatever the value of £ then

p([A: B]) = p(A) = 3 = Number of unknowns

Hence, system is consistent and it has an unique solution.



Question 3: Find the value of @ and g for which have

x+y+z=6
x+2y+3z=10
XxX+2y+az=p

(1) An Unique Solution  (ii) Infinite many solutions (iii) No solution

Question 4: Find the value of « and g for which have

2x+3y+5z=9
7x+3y—2z=8
2x +3y+az=p

(1) An Unique Solution (i) Infinite many solutions (iii) No solution



Question 5: Solve the equation with the help of matrices

x+2y+3z=6

2x+3y+z=9}
3x+y+2z=38

Question 6: Solve the equation with the help of matrices

3x+y—4z=0

x—3y—82=—10}
2x+5y+6z=13

Question 7: Solve the equation with the help of matrices

3x+y—3z=13

2x—3y+7z=5 }
2x +19y — 47z = 32



System of Homogeneous Linear Equations

Consider the system of m homogeneous linear equations in n unknowns
X1, X7, ..., Xy, glven below

A11X1 + A% + -+ apx, = 0
Ay1X1 + AooXy + -+ aypx, =0

(1)

Where a;;(i = 1,2, ..., m,j = 1,2,...,n) are constants.

This system of equations is known as a system of Homogeneous linear
equations.

The above system of equations (1) can be written in matrix form:



n- Annxa -
Or \ : Xﬁv/'

_aml amz ------ am an O_

mx1

Where A is called the coefficient Matrix of system of equation (1)

And X 1s the column matrix of unknowns variables.

This system is always consistent.

Since, x; = 0,x, =0, ..., x,, = 0 satisfy the system.

Trivial solution or Null solution for AX=0:

If x; =0,x, =0,..,x, = 0 issolution of the system of equation (1)

and this solution i1s known as the trivial solution.



Non-Trivial solution or Non-Zero solution for AX=0 :

Any other solution x; = a{,x, = a,, ..., x, = a, Where a;,a,, ..., a,
are not all zero is called a Non-trivial solution.

I.e. If the system of equation has infinite many solution then we say that
system has non-trivial or non-zero solution.

Nature of solution of the system A X = O:

A system of homogeneous linear equation has either the trivial solution
or non-trivial solution.

(1) If p(A) = n ( Number of unknowns) then system has only
trivial solution.
Hence, |A| # 0 .

(i)  If p(A) = r < n ( Number of unknowns) then the system has
an infinite number of non-trivial solution.
Hence, |A| =0 .



Trivial Solution Non-Trivial Solution

p(A) =n and |A| #0 p(A) =r<nand |A| =0




Example 1: Does the following system of equation possesses zero solution

( Trivial solution) ? 3x + 2y +z =0},

2x—y+z=0}
x—3y+5z=0

Solution: The given system of equation is equivalent to

l :1 B[

2 —1 1
Consider, |A| = ‘3 2 1 ‘ =29+ 0
1 -3 5

Hence system of equation has only trivial solution

x=0,y=0,z=0.



Question 1: Find all solution of the following system of equations

(1) x+2y—3z=0 (iii) 3x+4y+4z=0

2x—3y+z=0} x+2y+3z=0 }
4x —y—2z=10 7x+10y + 12z =0

(i) 2x —y+4z=0 (iv) x—2y+z=0

x+3y—22=0} x—2y+z=0}
x—11y+14z=0 2x —4y—5z=0



@ Solution of Linear Equation
by Cramer’s Rule




Cramer’s Rule for solving n
Simultaneous Non-Homogeneous
Linear Equations in n Unknowns

Consider n non-Homogeneous equation in n unknowns x4, x,, ..., X,

Aj1X1 + a12%, + -+ aynx, = by
a,1X1 + ar-,Xy + .-+ AonXn = bz

(1)

Ap1X1 + Xy + -+ Ay Xy, = by

Where a;;(i = 1,2,..,n,j = 1,2,..,n) and b;(i = 1,2, ...,n) are
constants.

The above system of equations (1) can be written in matrix form:



a11 a12 - aln xl b1
a21 a22 ...... a2n xZ bz
L a Ar> vre ven Ay
ni n2 \nn W_nxl
Or A.X=B

If |A| # O i.e. A'is non- singular.

Then from Cramer’s Rule

|A4] A, | |As| |Ap|
= Xo =m— X = ... Xy =— —
VTR VTR RE VTR Y

Where [44], |A4,], ...., |A,| are determinants obtained by replacing the
elements of 1%, 2™ 3" ... nth columns of |A4]| by the element of B.



by aqy A1n | ‘a1 by
_ b, aj;.... Ayn a1 by ... ..
l.€. Al — , AZ -
_bn anz ------ ann_ _anl bn ------
(d11 Q12 by
A - Ar1 A9 e w b,
n — .
_anl anz ------ bn-

X This method is fail when |A| =0




Example 1: Can the following equations be solved by Cramer’s rule?
x+2y+3z=1
Given reason for your answer 4x + 5y + 6z = 2 }
7x + 8y + 10z = 3

Solution: The given system of equation is equivalent to

+ 5 et ]2

Or AX=B
1 2 3
The coefficient matrix A =] 4 § 6]
7 8 10
1 2 3
SO,|A|=‘4 5 6‘=1(50—48)—2(40—42)+3(32—35)=—3¢O
7 8 10

Hence, |[A| # 0 i.e. Aisnon-singular

Therefore, given equation can be solved by Cramer’s rule.



Example 2: Solve the following equations by Cramer’s rule
x+y+z=9
2x+5y+7z:52}.
2x+y—z=0

Solution: The given system of equation can be written as

2B

Or AX=B
1 1 1

The coefficientmatrixA =2 5 7
2 1 —1

1 1 1
So,IAlz‘z 5 7‘=1(—5—7)—2(—1—1)+2(7—5)=—4¢0
2 1 -1

Hence, |A| # 0 i.e. Aisnon-singular

Therefore, given equation can be solved by Cramer’s rule.



9 1 1
|A1I=‘52 5 7‘=—4
01 -1
1 9 1
|A;l =12 52 7[=-12
2 0 -1
1 1 9
A5l =2 5 52|=-20
2 1 0

Hence, from Cramer’s rule
_ Ml _ -y
Al -4
_ 14| _—12 3
4] -4
= = =5
SVIR

Wegetx =1,y =3,z =>5.



Question : Solve the following equations by Cramer’s rule
x+2y+3z=4 x+y+z=11
(i) 2x+3y+8z=7 (ii) 2x —6y—z=0
x+y+9z=1 3x+4y+2z=0



O Eigen Values and Eigen
Vectors




Characteristic Value Problem or Eigen
Value Problem

Let A = [a;]nxn b€ square matrix of order n .The problem of finding
_xl_
X2

the scalars and non-zero vectors X = -

Andnx1

which satisfy the equation AX =X, corresponding to matrix A is known
as Characteristic value problem or Eigen value problem.



Characteristic Matrix

Let A = [a;;]nxn be square matrix of order n. The matrix A-Al Is

called the Characteristic Matrix of A, where A is scalar and | is the unit
matrix of order n.

'a11 - /1 a12 . aln ]
a Arr_ ) eer ven wn
" A— 2] = 21 22-1 2n
An1 App oe oo App — A
2 21
Example: A= [1 3 1]
1 2 2
2—A 2 1
Then Characteristic matrix A — Al = [ 1 3—-1 1]
1 2 2—A



Characteristic Polynomial

The determinant |A — AlI| is called the Characteristic Polynomial of A.

2 —A 2 1
Example: | 1 31 1l =2°>-72%4+111-5
1 2 2—A

This is Characteristic Polynomial of A.

Characteristic Equation

The equation |A — AI| = 0 is called the Characteristic Equation of A.

Example: 2°> — 72% + 114 — 5 = 0 is Characteristic Equation of matrix A.



Characteristic roots or Eigen values or
Latent roots
The roots of Characteristic equation
|A—AIl =0

are called Characteristic roots of a matrix A.

Example: AB—-712+11A-5=0
A1-1D)A-1)A-5)=0
A=1,1,5

are Characteristic roots of given matrix A.



Characteristic Vectors or Eigen Vectors
or Latent Vectors

If A 1s a characteristic root of a square matrix A, then a non-zero vector
X such that AX = XX

Is called a characteristic vector or eigen vector or latent vector of A,
corresponding the root A.

Example 1: Find the eigen value or characteristic roots of matrix
A= [3 4
4 -3
Solution: Here,

A=y 5



The characteristic matrix

A== [3 4 ' —34—7\]
The characteristic equation of matrix A Is
A—All = ‘3;7‘ _34_}\‘ =0
B-2MND(-3-2)-16=0
A2 —25=0
A=5-5

Here, the eigen values of given matrix A are 5 and -5.



Example 2: Find the eigen value or characteristic roots of matrix

1 0 O
A= [0 2 1]
0 0 3
1 0 O
Solution: Here, A= [0 2 1]
0 0 3
1—2A 0 0
and A-Al = [ 0 2 2 1 ]
0 0 3—A
The characteristic equation of matrix A is
1—2A 0 0
IA—M|=‘ 0 2-2A 1‘=0
0 0 3—A

1-0D2-MVB-2)=0
A=1,23



Here, the eigen values of given matrix A are 1, 2 and 3.

Example 3: Find the eigen values and eigen vectors of the matrix
A= [—31 g
Solution: Here, A= [_31 (2)
The characteristic equation of matrix A is
A-ul=[P7" Zf=0

B-MDn)+2=0

A2 —3A+2=0
A-—1DA=2)=0
A=1,2

Here, the eigen values of given matrix A are 1 and 2.



Case- I: Let X, = [iﬂ be the eigen vector corresponding to eigen value
A = 1 of a matrix A then
AX, = 1X,
AX; —1.X, =0
A-1.DX, =0

okl =

[_21 _21] [2 - [8]

le + 2x2 - O
—x1 _XZ — 0
Then x1+x2=0

xZ — —x1



Then X1 = ]

Case- Il: LetX, = ljﬂ be the eigen vector corresponding to eigen
2

value A = 2 of a matrix A then
AX, = X,
AX, —2.X, =0
(A-2.DX, =0

RPN | o B
[_11 _22] [2 =[8]

x1+2x2=0

—X1 — 2x2 =0



Then

Then X

Hence, eigen vectors are [ 11] :

A =1,1 =2 respectively.

2
7

corresponding to eigen value

Question : Find the eigen values and eigen vectors of the matrix

0n=f 4

) A= [_15 _42]



Example 4: Find the eigen values and eigen vectors of the matrix

8 —-6 2
A=P6 7 —4
2 —4 3
Solution: The characteristic equation of matrix A is

88—\ —6 2
M—AH=‘—6 7 —A —4=0
2 —4 3=

A3 —18)%2 +450 =0
AA—-3)(A—-15)=0
A=0,3,15

Here, the eigen values of given matrix A are 0, 3 and 15.

X1
Case- |: LetX, = [le be the eigen vector corresponding to eigen value
X3

A = 0 of a matrix A then



AXl — /1X1
AXl - 0X1 — O
(A—0.D)X, =0

P T 2]

2 —4 3-01Lx; 0
8 —6 2]1[* 0
5 -k
2 —4 31lx3 -0
o _ 8 -6 2
The coefficient matrix [—6 7 4]
2 —4 3

Applylng R1 4 %Rll R2 - Rz + R3

4 -3 1
~[—4 3 —1]

2 —4 3



R, > R, + R,

4 -3 1
“’[O 0 O ]
2 —4 3
R, & R4
4 -3 1
"'[2 —4 3]
0O 0 O

Therefore, the system of equation is equivalent to the system

o H |-l

X1 — 3%y +x3 =0
2x1 —4x, +3x3 =0

Solving by the method of cross-multiplication
X1 X2 __ X3
—9+4 2-12 -16+6




1
Then X, = [2] IS an eigen vector corresponding to A = 0.
2

X1
Case- Il: Let X, = [le be the eigen vector corresponding to eigen
X3

value A = 3 of a matrix A then

AXZZAXZ
AX2_3X2:0
(A—3.DX, =0
8—3 —6 2
e
2 — 4 3—3

(X1 0
|-y
X3 0

5 —6  21[%1] |
o 4 || -
2 —4 ollxl 1



o _ 5 -6 2
The coefficient matrix [—6 4 — 4]
2 -4 0

Applying R, - —%Rz

5 -6 2
"’[3 —2 2]
2 —4 0
R, > R, — R,
2 -4 0
"’[3 —2 2]
2 —4 0
R3_)R3_R1
2 —4 0
"‘[3 —2 2]
0O 0 O
1

R —R
1"2 1



1 -2 0
~ [3 —2 2]
0O 0 O
Therefore, the system of equation is equivalent to the system

1 -2 0][¥1] [0
2 alll-l
0o 0o ollxsl lo

X1 —2xy +0.x3 =0
3x1 —2xy +2x3 =0

Solving by the method of cross-multiplication

X1 Xy _ X3

2 1 -2
2 - - -
Then X, = [ 1 ] IS an eigen vector corresponding to A = 3.
-2



Case- Ill: Let X; = [le be the eigen vector corresponding to eigen

value 1 = 15 of a matrix A then
AX3 = 21X,
AX, —15.X; =0
(A—15.1)X, =0

o 7ot ellel-l
Rl _Jl |-l

—7
The coefficient matrix [ 6 —8 — 4 ]
2 -4 —-12

Applying R; » —R,, R, — —§R2, R, — §R3



7 6 —2
N

1 -2 -6
R, > R, — 2R,
1 -2 -6
~[3 4 2 ]
1 -2 -6
R; > Ry — R,
1 -2 -6
s & 2
0 0 0

Therefore, the system of equation is equivalent to the system

1 -2 — 61[*1 0
DR
0O O 0 1LX3 0

xl—2x2_6X3:O

3x1 +4‘XZ + 2x3 — 0



Solving by the method of cross-multiplication

X1 X2 _ X3

2 —2 1

2
Then X, = [_2] IS an eigen vector corresponding to A = 15.
1

1 2 2
Hence, eigen vectors are H , [ 1 ],[_2] corresponding to eigen value
24 L2 1

A=0,4=3,1=15 respectively.

Example 5: Find the eigen values and eigen vectors of the matrix

01 -1
A=[1 0 —1]

1 -1 O
Solution: The characteristic equation of matrix A is
—A 1 —1
M—AH=‘1 A —1‘=0

1 -1 —A



B —32242=0
A—1DA-1DA+2)=0
A=1,1-2

Here, the eigen values of given matrix A are 1, 1 and -2.

X1
Case- |: LetX = [le be the eigen vector corresponding to eigen value
X3

A = 1 of a matrix A then

AX = AX
AX-1.X=0
(A-1.DX=0

-1 1 —111*%1 0
|
1 — — 1 11LXx3 0



-1 1 -1
The coefficient matrix [ 1 1 _ 1]
1 -1 -1
Applylng RZ - RZ + Rl' R3 - R3 + Rl
-1 1 1
N[ 0 O 0]
o 0 O
R, - —R,

1 -1 -1
~ [0 0 0 ]
0o 0 0
Therefore, the system of equation is equivalent to the system

b, o o lbl-ld

_XZ_Xg—O

then X1 = Xy + X3



X1 1.xy +1.x5
Then Xl - [le —_ 1.x2 ~+ O.x3
X3 O.XZ + 1.x3
1 1
g+l
0 1
- x2X1 + x3X2
1 1 _ _
Hence, X; = H X, = H are eigen vector corresponding to A = 1.
0 1

X1
Case- Il: Let X; = [le be the eigen vector corresponding to eigen
X3

value A = —2 of a matrix A then
AX; = X,
AX;+2.X:=0
(A+2.DX;=0



2 1 17pa] [0

bz, -l

1 -1 21lbsl o
11

2
The coefficient matrix [1 7 1]
1 -1 2

Applying R, & R,
1 2 —1
~ [2 1 1]
1 -1 2
R, > R, —2R{,R; > R; — R,

1 2 —1
~ [0 -3 3]

0 -3 3
R; > Ry — R,
1 2 ~1
~[0 -3 3]
0 0 0



R 1R
ﬁ__
2 5 2

1 2 -1
~ [0 1 - 1]
0 0 O
Therefore, the system of equation is equivalent to the system

1 2 —1)f] [0
b, 1, a1kl
0 o ollwl lo

x1 + 2x2 - x3 — 0
Xy — X3 = 0
Solving by the method of cross-multiplication

X1 _ X2 _ X3

-1 1 1

-1
Then X, = [ 1 ] IS an eigen vector corresponding to A = 3.
1



Hence, eigen vectors are [1] , [0] [ 1 ]corresponding to eigen value

A=1,1,—2 respectively.

Question : Find the eigen values and eigen vectors of the matrix

of s wh 5



O Diagonalization




Similarity of Matrices

Let A and B be square matrices of order n. Then B is said to be similar
to A if there exist a non-singular matrix P such that

B =P 1lAP
Theorem 1: Similarity of matrices is an equivalence relation.

Proof: If A and B are two n x n matrices, then B is said to be similar to
A if there exist a non-singular matrix P such that

B =P lAP
Reflexivity: We are to prove that every matrix is similar to itself.

Let A be any matrix of order n. We can write
A=11A1I

Where | is unit matrix of order n.

Therefore A is similar to A.



Symmetry: Let A be similar to B. Then to prove that B is also similar to
A. Since, A is similar to B, therefore there exist a non-singular matrix P
such that A=P1BP

PAP~1 = p(P~1BpP)pP!
PAP~' =B
B = PAP1
B =P YH1tapt
Hence, B is similar to A.

Transitivity: Let A be similar to B and B be similar to C. Then to
prove that A is similar to C. Since, A is similar to B and B be similar to
C therefore A=P'BPand B=071C0O

Where P and Q are invertible n x n matrices. We have
A =P 1BP =P71(Q"1CQ)P
A= (P7tQ™Hc(QP)



A= (QP)"'C(QP)
Hence, A i1s similar to C.

Hence, Similarity of matrices is an equivalence relation.

Theorem 2: Similar matrices have the same determinant.

Proof: Suppose, A and B are similar matrices, therefore there exist a
non-singular matrix P such that

B =P 1AP
|B| = |P~AP| = |[P71[]|A||P]
|B| = |[P7||P||A] = |P7'P||Al = |1]|A]
IB| = |Al.



Theorem 3: Similar matrices have the characteristic polynomial.

Proof: Suppose, A and B are similar matrices, therefore there exist a
non-singular matrix P such that

B =P 4P

Now consider, |B— Al = |P~1AP — Al
IB—Al| = |P1AP — P~1AIP|  {since, P"Y(A)P = AP~1P = AI}

B —Al| = |P~1(4 — AD)P]

|B— Al = |P7'||A — Al||P]

|IB— Al = |P~1P||A — Al

IB—Al| = |I]|4 — All
IB—Al| = |A— Al

It follows that A and b have same characteristic polynomial and hence
same eigen value.



Diagonalizable matrix

A matrix A is said to be diagonalizable if it is similar to a
diagonal matrix.

Thus, a matrix A is diagonalizable if there exist an non-singular matrix
( invertible matrix) P such that

P~1AP =D
Where D is a diagonal matrix.

Theorem 3: An n x n matrix is diagonalizable if and only if it possesses
n linearly independent eigen vectors.

Proof: Suppose A is diagonalizable. Then A is similar to a diagonal
matrix D = dia.[A4, A5, ..., A,,]. Therefore there exists an invertible
matrix P = [X4, X5, ..., X,;] such that



P~1AP =D
AP = PD
A[Xy, Xgy o, Xn] = [X1, Xg, s X dia.[Aq, Ag, s 4]
[AX,, AXo, oo, AX,] = [M Xy, A0 Xg, o) 10 X0
AXy; = L Xy, AXy = 1, Xy, s AXy = 1, X,

Therefore, X4, X5, ..., X, are eigen vectors of A corresponding to the
eigenvalues 14, 4,, ..., A,, respectively. Since the matrix P is non-
singular, therefore its column vectors X;, X5, ..., X,, are linearly
independent. Hence A possesses n linearly independent eigen vectors.

Conversely: Suppose that A possesses n linearly independent eigen
vectors X4, X5, ..., X,, and let A, 1,, ..., 4,, be the corresponding
eigenvalues. Then

AXl — /11X1, AXZ — /12X2, e AXn — Aan




Let P = [X1,X,, ..., X,,] and D = dia.[A, 15, ..., A,].
Then AP = A[X1, X, ..., X, ] = [AXy, AX,, ..., A X,)]
= [A1 X1, 4, X5, .., 1, X,
= [Xy, Xy, ..., Xy ] dia. [A4, 45, ..., A,]
= PD

Since, the column vectors X, X5, ..., X;, of the matrix P are linearly
independent therefore, P is invertible and P exists.

Therefore,
AP = PD

P~AP =P~ 1PD
P~1AP =D
Hence, A is similar to a diagonal matrix D.

A is diagonalizable.



Example 1: Reduce the matrix A = B g] Into a diagonal matrix.

OR

1 2

Digonalize the matrix A = [3 5

Solution: Here, A= B %]

The characteristic matrix

A—)\I=[1;A 23)\]

The characteristic equation of matrix A is

|A—M|=\1;’\ 2EA|=0
(1-02-1)=6=0
A2 —3h—4=0

A-—4)A+1)=0



A=4,-1

Here, the eigen values of given matrix A are 4 and -1.

Case- I: Let X, = [ ] be the eigen vector corresponding to eigen value
A = 4 of amatrix A then
AX, = 1X,
AX, —4.X, =0
(A—4.DX, =0

R 1 B
5 Sl = 1ol

—3x, +2x, =0
3x1 - ZXZ — 0
Then 3x; —2x, =0




3x1 = 2x2

X1 X2
2 3
Then X, = [g]

X1

Case- Il: Let X, = [ ] be the eigen vector corresponding to eigen

X2
value A = —1 of a matrix A then

AXZ — AXZ
AXZ + 1X2 = 0

(A+1.DX, =0
[1-;1 2i1”§;]:[8]
5 sllel =10

2x1 + 2x2 =0



3x1 + 3x2 =0

Then x1 + xz = O
X2 = —X1
X1 X2
1 -1
I1
Then Xy = [—1]

Hence, eigen vectors of matrix A are [g] , [ 11] corresponding to eigen
value 1 = 4,1 = —1 respectively.

Let P =[X,,X5]
1):[§ —hj

Pt =

I 1



Hence, PTrAP = ) E 3] [3 _11]

140 _[4 0171_ ~: :
P~*AP = [0 _1]— Diagonal matrix

r 1

Matrix A is Diagonalizable.

1 2 =2
Example 2: Reduce the matrix A = [ 1 2 1 ] Into a diagonal
-1 -1 0
matrix.
OR
1 2 =2
Digonalize the matrix A = [ 1 2 1 ]
-1 -1 0

Solution: The characteristic equation of matrix A is



1—-A 2 — 2

M—AH=‘ 1 22—\ 1[=0
—1 —1 —A
1-=DA+1DA-3)=0
A=1,-13

Here, the eigen values of given matrix A are 1, -1 and 3.

1
Case- |: LetX, = [le be the eigen vector corresponding to eigen value

A = 1 of a matrix A then
AX, = 1X,
AX, —1.X,=0
(A-1.DX, =0

RS



0 2 -—27p] [0

ERE N 3l

-1 -1 —ulbsl o
2

1
_ 0 2
The coefficient matrix [ 1 1 1 ]
-1 -1 -1
Applying R; » R; + R,
0 2 =2
~ [1 1 1 ]
0 0 0
1
Rl —d _ERl
0 1 -1
~ [1 1 1 ]
0 0 0

Therefore, the system of equation is equivalent to the system

0 1 — 1711*1 0
bon o el=lo
0 0 04Lx;3 0



O.x1+x2 +x3=0
x1+x2 +x3=0

Solving by the method of cross-multiplication

X1 _ X2 _ X3

2 -1 -1

X1 _ X2 _ X3

2 1 1

—2
Then X, = [ 1 ] IS an eigen vector correspondingto A = 1.
1

X1
Case- Il: LetX, = [le be the eigen vector corresponding to eigen
X3

value 1 = —1 of a matrix A then
AX, = X,
AX, +1.X,=0
A+1.DX,=0



14+1 2 —2 0
1 2 [
1 0
2 —2 1 0
5 R
-1 -1 11Lx;3 0
2
The coefficient matrix [1 3 1 ]
-1 -1 1

Applying R, —» — =R,

1 1 -1
~ [1 3 1 ]
-1 -1 1
R; - R; + R
1 1 -1
~ [1 3 1 ]
0 0 0
Therefore, the system of equation is equivalent to the system



11 —1]fF] [0
DRI |1
o o ollsl lo

X1+ Xy, —x3=0
X1+ 3x, +x3 =0

Solving by the method of cross-multiplication

X1 _ X2 _ X3

4 -2 2
X1 _ X2 _ X3
-2 1 -1
-2 _ _ _
Then X, = [ 1 ] IS an eigen vector corresponding to A = —1.
—1
X1
Case- IlI: Let X5 = [le be the eigen vector corresponding to eigen
X3

value A = 3 of a matrix A then



The coefficient matrix

AX3 — /’LX3
AX3 - 3X3 — O
(A — 3.1))(2 =0

1-3
s e
—1 —1 1—3
—2 — 1
[1 —1 1 ”x2]=
-1 -1 —=3Ikx3

—2
[1 -1 1 ]
-1 -1 =3

Applying R; - Ry

-1 1 -1

N[l -1 1 ]
-1 -1 =3
R, » R, + R4




-1 1 -1
~ [ 0 0 0 ]
-1 -1 =3
Therefore, the system of equation is equivalent to the system
-1 1 =17 0
[0 o okl
-1 -1 =343 0
—x1 + xz - x3 — 0
—X1 — Xy —BXB =0

Solving by the method of cross-multiplication

X1 _ X2 _ X3

—4 -2 2
X1 _ X2 _ X3
2 1 -1

1
-1

2
Then X, = [ ] IS an eigen vector corresponding to A = 3.



=21 [-2]1[2
Hence, eigen vectors of matrix A are [ 1 ] , l 1 ]l 1 ] corresponding
1 -1 -1

toeigenvalue A = 1,1 = —1,4 = 3 respectively.

Let P=[X1,X2,X3]
-2 =2 2
P=[1 1 1]
1 -1 -1
[0 -4 —4
P_1=—§[2 0 4]
2 —4 0
Hence,
10 —4 —-4r1 2 —2711—-2 -2 2
P_lAP=—§[2 0 4][1 2 1][1 1 1]
2 -4 04L—-1 -1 o011 -1 -1



1 0 0
P~1AP = [() -1 ()]z Diagonal matrix
O 0 3

Matrix A is Diagonalizable.

Question: Reduce the following matrix into a diagonal matrix.

wa=[; 1] <u>[_2 ; %2]



O Application of Matrices




Application of Matrices

Graph theory
The adjacency matrix of a finite graph is a basic notion of graph theory.
Linear combinations of quantum states in Physics

The first model of quantum mechanics by Heisenberg in 1925
represented the theory's operators by infinite-dimensional matrices
acting on quantum states. This is also referred to as mafrix mechanics.

Computer graphics
4x4 transformation rotation matrices are commonly used in computer
graphics.
Solving linear equations
Using Row reduction
Cramer's Rule ( Determinants)
Using the inverse matrix

Cryptography.



Application of
Matrices In
Cryptography



Cryptography

Cryptography, is concerned with keeping communications private.
Cryptography mainly consists of Encryption and Decryption

Encryption is the transformation of data into some unreadable form.

lts purpose is to ensure privacy by keeping the information hidden from
anyone for whom it is not intended, even those who can see the
encrypted data.

Decryption is the reverse of encryption

It is the transformation of encrypted data back into some intelligible
form.

Encryption and Decryption require the use of some secret information,
usually referred to as a key.

Depending on the encryption mechanism used, the same key might be used
for both encryption and decryption, while for other mechanisms, the keys
used for encryption and decryption might be different.



Application of matrix to
Cryptography

®  One type of code, which is extremely difficult to break, makes use of
a large matrix to encode a message.

®  The receiver of the message decodes it using the inverse of the
matrix.

®  This first matrix, used by the sender is called the encoding matrix
and its inverse is called the decoding matrix, which is used by the
receiver.



Message to be sent:

PREPARE TO NEGOTIATE

and the encoding matrix be

-3 -3 —4
0 1 1

4 3 4

We assign a number for each letter of the alphabet.

Such that Ais 1, B is 2, and so on. Also, we assign the number 27 to
space between two words. Thus the message becomes:

P R E P 4 R E *®* T © * N E G O I’ I 4 T E
16 18 5 16 1 18 5 27 20 15 27 14 5 7 15 20 9 1 20 5



Encoding

B Since we are using a 3 by 3 matrix, we break the enumerated
message above into a sequence of 3 by 1 vectors:

16 5 5 20
1 27 7 5
18] |20 15 27

® Note that it was necessary to add a space at the end of the
message to complete the last vector.

® \We encode the message by multiplying each of the above vectors
by the encoding matrix.

® \We represent above vectors as columns of a matrix and perform its
matrix multiplication with the encoding matrix

-3 -3 -4| |16 16 5 15 5 20 20
0o 1 1 18 1 27 27 7 9 5

4 3 4 5 18 20 14 15 1 27

20
9
1

16
18
5

15
27
14




= We get

-122 -123 -176 —-182 -—-96 -91 -—183
23 19 47 41 2210 32
138 139 181 197 101 111 203

® The columns of this matrix give the encoded message.

® Encoding is complete



Transmission

The message is transmitted in a linear form

—-122. 23 138, -—123, 19 139 -176. 47. 18L
—182. 41. 197. -—-9%95 22, 101 -91. 10. 11L
—183 32 203



Decoding

® To decode the message:

The receiver writes this string as a sequence of 3 by 1 column matrices
and repeats the technique using the inverse of the encoding matrix.

The inverse of this encoding matrix is the decoding matrix.

1 0 1
4 4 3
—4 -3 -3

To decode the message, perform the matrix multiplication
1 0 1 -122 -123 -176 -182 -96 -91 -183
4 4 3 23 19 47 41 22 10 32
-4 -3 -3 138 139 181 197 101 111 203

Matrix obtained is

I6 16 5 13 5 20 20
g1 27 27 7 9 5

5 18 20 14 15 1 27



Decoded Message

®  The columns of this matrix, written in linear form, give the original
message

16 18 5 16 1 18 5 27 20 15 27 14 5 7 15 20 % 1 20 5
P R E P A R E * T ©O© * N E G O I I 4 T E

Message received:

PREPARE TO NEGOTIATE



